Robust D-stability analyses of uncertain characteristic polynomials are considered. This paper shows that the stability feeler can be applied to robust D-stability analysis of linear time-invariant systems with disconnected stability region in the complex plane. We also show an application of the stability feeler to stability analysis for a lateral dynamics of an aircraft.
Introduction
The stability of a control system is generally important. Parameters of control systems may have uncertainties because of errors in modeling processes.
Stability analyses for uncertain control systems have therefore been of interest, and various results and techniques have been developed [1, 2, 3 ]. Kharitonov's theorem [4] is one of the most important result, which enables one to check robust Hurwitz stability of interval polynomials easily. Edge theorem [5] dictates that robust D-stability of polytopic polynomials is equivalent to that of segment polynomials corresponding to their exposed edges. Stability analysis methods for segment polynomials have been proposed in [6, 7, 8] .
It is often required to determine range of a parameter of a system such that the system remains stable. Stability radius [9, 10] , directional stability radius [11] , a method given in [12] based on the result by Bialas [6] , methods in [13, 14, 15, 16, 17, 18] based on Lyapunov stability theory, and methods in [19, 20, 21] using the guardian maps meet such a demand.
The stability feeler [22] also enables one to derive stability range of a parameter of a class of systems. Unlike others, the stability feeler enables one to derive exact stability range of a parameter of a characteristic polynomial family, represented as a line in the coefficient space. The stability feeler can be applied not only to Hurwitz stability analysis, but also to D-stability analysis in the case that stability region D in the complex plane is connected. On the other hand, stability analysis in the case that the stability regions in the complex plane are disconnected is also required [23, 24] . However, applying the stability feeler to D-stability analysis in the case that D is disconnected has not been considered yet.
To meet such a demand, in this paper it is considered that the stability feeler is applied to disconnected stability regions in the complex plane. This paper shows that the stability feeler can be applied to robust D-stability analysis of linear time-invariant systems with disconnected stability regions. We also show an application of the stability feeler to stability analysis for a lateral dynamics of an aircraft taken from [23, 24] .
The notations used in this paper are as follows: R stands for the set of real numbers. R p is the set of pdimensional real vectors. R p×q is the set of p-by-q real matrices. j is the imaginary unit, i.e., j = √ −1. The superscript T stands for matrix transposition.
Stability feeler
The stability feeler [22] enables one to derive complete range of a real uncertain parameter a ∈ R which stabilizes the following characteristic polynomial family
of which the degree does not drop, where
, q ≤ p are fixed real polynomials, if the stability region D in the complex plane is connected. It is assumed that f p and g q are positive without loss of generality. It is also assumed that the set of all real numbers on the boundary of D in the complex plane consists of finite points. The stability range can be derived by the following two steps.
The first step is to derive all the values of a such that f (s) + ag(s) has zeros on the boundary of stability region D. Let ∂D r and ∂D c be the sets of real numbers and complex conjugates on the boundary of D, respectively. The Figure 1 . The method to derive stability range by the stability feeler.
sets of values of a such that f (s) + ag(s) has zeros on ∂D r and on ∂D c are then given by
and
respectively, where
The set of all the values of a such that f (s) + ag(s) has zeros on the boundary of D can be derived as the sum of (2) and (3). The second step is to determine D-stability of range between two polynomials of which zeros are on the boundary of D. Define a 0 := −∞ if p ̸ = q, and otherwise a 0 := −f p /g p . Let a 1 ≤ a 2 ≤ · · · ≤ a n are all the values of a greater than a 0 such that f (s) + ag(s) has zeros on the boundary of D derived above. We also define a n+1 := +∞. D-stability of a polynomial belonging to ∈ (a i , a i+1 ) . Figure 1 shows the above two steps to derive the stability range. 
where
where ∅ is the empty set.
Assumption 1 does not lessens generality because (1) is a set of real polynomials. Assumption 2 hardly lessens generality because most of the existing stability concepts satisfy it. For instance, stability analysis for a lateral dynamics of an aircraft [24] satisfies the assumption. Figure  2 shows an example satisfying Assumption 2.
In the case that D is disconnected, range of a such that (1) (13) and (14) are all the values of a greater than a 0 such that f (s) + ag(s) has zeros on boundary of D although (14) consists of a such that f (s)+ag(s) has zeros on the boundary in the upper half-plane in the complex plane, because D is symmetric with respect to the real axis and complex conjugate of zeros of real polynomials are also zeros of them. The continuity of zeros holds regardless of disconnectedness of D. Therefore, if there exists a stable (unstable)
Application of the stability feeler to lateral dynamics of an aircraft
In this subsection we show a practical example which is requiring disconnected stability regions. It is considered robust stability analysis of lateral dynamics of an aircraft taken from [23, 24] . The nominal characteristic polynomial f (s) of the system is represented as f (s) = s 5 + 10.5s 4 + 50s 3 + 122.5s 2 + 154s + 52, (15) of which zeros are
In [24] , it is assumed that the coefficients of f (s) varies. In this paper, it is also assumed that constant term of f (s)
and the stability region D is inside the disks of radius 0.4 around the zeros of f (s) given by (16) . The stability ranges are derived as follows: First, we define S i , i = 1, 2, · · · , 5 as inside the disks of radius 0.4 around the zeros −0.5, − 2 + j2, − 2 − j2, − 3 + j2, and −3 − j2, respectively as shown in Figure 6 .
Then, derive a such that a zero of f (s) + ag(s) is on the boundary of S i , i = 1, 2, · · · , 5. The set of the above values of a for the boundary of S 1 is expressed as the sum of sets 2 + y 2 = 0.4 2 , x, y ∈ R}, and e x and E x+jy are given as (6) and (7), respectively. The sets (18) and (19) are computed as {−3777.6, 1752.6} (20) and
respectively. Therefore, in the case of a = −3777.6 or a = 1752.6, a zero of f (s) + ag(s) is on the boundary of S 1 . The values of a such that a zero of f (s) + ag(s) is on the boundary of S 2 are obtained as follows: The set of the above values are given by
where ∂S 2,c = {x+jy | (x+2) 2 +(y −2) 2 = 0.4 2 , x, y ∈ R} because there are no real numbers on the boundary of S 2 . The above set is computed as {−2625.7, 1231.8}.
The set of a such that a zero of f (s) + ag(s) is on the boundary of S 4 are obtained as {−3253.4, 2230.4} (24) in the same way. It is not needed to compute a such that zeros of f (s) + ag(s) are on the boundary of S 3 or S 5 , because of the condition y > 0 in (14) . As mentioned in the previous section, the condition y > 0 exists because D and the layout of zeros of real polynomials in the complex plane are symmetric with respect to real axis.
All the values of a such that zeros of f (s) + ag(s) are on the boundary of stability region D are summarized in Table 1 . 
and is not D-stable for other ranges from Theorem 1.
Conclusion
In this paper, it has been proposed a method to apply the stability feeler to disconnected stability regions. Application to lateral dynamics of an aircraft has also been shown.
